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Àííîòàöèÿ
We introdue the notion of the generalized-analytial funtion of the
poly-number variable, whih is a non-trivial generalization of the notion
of analytial funtion of the omplex variable and, therefore, may turn out
to be fundamental in theoretial physial onstrutions. As an example
we onsider in detail the assoiative-ommutative hyperomplex numbers
H4 and an interesting lass of orresponding funtions.
1 Introdution
Let Mn be an n-dimensional elementary manifold and Pn denote the system of
n-dimensional assoiative-ommutative hyperomplex numbers (poly-numbers,
n-numbers), and a one-to-one orrespondene between the sets be assigned.
Under these onditions, we hoose in Pn the basis
e1, e2, ..., en; eiej = p
k
ijek, (1)
X = x1 · e1 + x
2 · e2 + · · ·+ x
nen ∈ Pn, (2)
where e1, e2, ..., en - symboli elements, p
k
ij stand for harateristi real numbers,
and x1, x2, ..., xn - real oordinates with respet to the basis (e1 ≡ 1, e2, . . . , en).
Obviously, the numbers x1, x2, ..., xn an be used not only as the oordinates in
Pn, but also as oordinates in the manifold Mn , so that (x
1, x2, ..., xn) ∈ Mn.
Though in Mn we an go over to any other urvilinear referene frame, the
referene frame {xi}, as being built by the help the basis of poly-numbers and
a fixed one-to-one orrespondene Mn ↔ Pn, ought to be onsidered preferable
(as well as any other referene frame onneted with this by non-degenerate
linear transformation). The polynumber algebrai operations indue the same
operations in the elementary manifold (formally) and in the tangent spae at
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any point of the manifold (informally). Aordingly, the tangent spaes to Mn
are isomorphi to Pn.
The funtion
F (X) := f1(x1, ..., xn)e1 + ...+ f
n(x1, ..., xn)en (3)
of the poly-number variable, where f i are suffiiently smooth funtions of
n real variables, will be onsidered to be a vetor (ontravariant) field in Mn.
Hene, apart from addition and multipliation by number, any operation of








an also defined in Mn. It is useful but not obligatory to onsider the spae
Mn to be the main (the examined") objet and the spae Pn to be a sort of an
instrument with the help of whih the spae Mn is examined". In the general
ase the parallel transportation of a vetor in the spae Pn does not orrespond
to the parallel transportation" of the same vetor in the spae Mn, so that
for a due definition of absolute differential (or the ovariant derivative) we
are to have the onnetion objets or the quantities whih may replae them.
If we avoid introduing the pair {Mn, Pn}, restriting the treatment only to
assoiative-ommutative hyperomplex numbers, then it is natural to introdue
the definitions
dX := dxi · ei (5)
and
dF (X) := F (X + dX)− F (X) =
∂f i
∂xk
· ei · dx
k. (6)
The funtion F (X) of poly-number variable X is alled analytial, if suh a
funtion F ′(X) exists that
dF (X) = F ′(X) · dX, (7)
where the multipliation in the right-hand part means the poly-number opera-
tion. From (7) it follows that
∂f i
∂xk
= pikj · f
′j . (8)

















for the funtions under study. The number n(n−1) of these relations is growing
quiker that the number n of omponents of analytial funtion. This leads to
the funtional restrition of the set of suh funtions at n > 2. The present work
is just attempting to elaborate a non-trivial extension of the notion of analyt-
ial funtion of poly-number variable subjet to the ondition that number of
the Cauhy-Riemann-type onditions does nor exeed the number of unknown
funtionomponents. The first step in this diretion has been made above when
introduing the pair {Mn, Pn}. Therefore it seems natural to replae the differ-
ential 6) by means of the absolute differential
DF (X) := ∇kf







+ Γikj · f
j
(13)
is the ovariant derivative, and Γikj means "the onnetion oeffiients". Instead
of the formulas (8) and (10) we get
∇kf




f ′i = ∇1 · f
i, (15)
and the Cauhy-Riemann onditions take on the form
∇kf
i − pikj · ∇1f
j = 0. (16)
Of ourse, "the onnetion objets" Γikj in the formula (13) are not obligatory
to be uniform for all the set of funtions obeying the onditions (16).
2 Definitions and basi impliations
Let us all the funtion F (X) generalized-analytial, if suh a funtion F ′(X)
exists that
D˜F (X) = F ′(X) · dX, (17)
where
D˜F (X) ≡ ∇˜kf









has been used. It is assumed that under the transition from one (urvilinear)
oordinate system to another oordinate system the involved objets γik are

















· f i. (20)
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It will be noted that suh a definition entails that ∇˜kf
i
behaves like a tensor.







with a single "onnetion objet" Γikj for generalized-analytial funtions. It
would be more preise to say of the pair {f i, γik}, suh that the analytial
funtion of poly-number variable is the pair {f i, 0}, but this pair transform to




k′ 6= 0} under going over from the speial oordinate system to
another urvilinear one.
From the definition of generalized-analytial funtions it follows that
∇˜kf







the respetive generalized Cauhy-Riemann relations take on the form
∇˜kf
j − pikj∇˜1f
j = 0. (24)
The number of unknown funtions in the pair {f i, γik} equals n + n
2 =
n(n+1),  whih is more than the number n(n− 1) of the generalized Cauhy-
Riemann relations (24). Thus, to use the notion of generalized-analytial fun-
tion in theoretial-physial onstrutions it is neessary to additionally estab-
lish and formulate the set of requirements (possibly one requirement) whih,
when used in onjuntion with the notion of generalized-analytial funtion,
would lead unambiguously to equations of some field of physial meaning. Usu-
ally, they are n partial differential equations of seond order for n independent
funtion-omponent field.






(2)k} - two generalized-analytial funtions, then
their arbitrary linear sum with real oeffiients α, β is a generalized-analytial
funtion. This ensues diretly from the definition, on using also the formulae
(22)-(24) and (20). Thus, we have
α · {f i(1), γ
i




(2)k} = {α · f
i
(1) + β · f
i
(2), α · γ
i
(1)k + β · γ
i
(2)k}. (25)
Now, let us onsider the poly-number produt of two generalized-analytial















analytial funtion. To this end we formally differentiate the left and right parts
of (26) with respet to xk and use the formula (22), obtaining
∂f i(3)
∂xk
























(whih is an impliation of the properties of assoiativity and ommutativity of
poly-numbers), we an write
∂f i(3)
∂xk























The result (29) an onveniently be represented in terms of the absolute differ-
ential as follows:
D[F(1)(X) · F(2)(X)] = [DF(1)(X)] · F(2)(X) + F(1)(X) · [DF(2)(X)] (31)
or
D[F(1)(X) · F(2)(X)] = [F
′
(1)(X) · F(2)(X) + F(1)(X) · F
′
(2)(X)] · dX. (32)
From the last formula we obtain the relation
[F(1)(X) · F(2)(X)]
′ = F ′(1)(X) · F(2)(X) + F(1)(X) · F
′
(2)(X). (33)
It remains to larify whether the transformation law of the objets γi(3)k
under the transitions to arbitrary oordinate system is orret. With this aim

























where Γjim ≡ 0 with the respet to our speial oordinate system; however, under
the transition to an arbitrary oordinate system the objets Γjik transform like
ordinary onnetion objets and in general Γj
′
i′k′ 6= 0 . The ondition Γ
j
ik ≡ 0











and, moreover, the three oeffiients Γ in (35) an be regarded as different. It is











) · f i1(1)f
i2
(2) ≡ 0. (36)
Given the speial oordinate system. If one has Γijk ≡
(1)Γijk ≡
(2)Γijk ≡
(3)Γijk ≡ 0, then the tensor p
k
ij is transported "parallel" without any hanges in
omponents.
Thus, the poly-produt of two generalized-analytial funtions of poly-number
variable is again a generalized-analytial funtion, and the formula (33) takes
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plae for derivatives if one adopts that the "onnetion oeffiients" assoiated
to the tensor pkij with respet to the speial oordinate system vanishes iden-
tially over all three indies. In terms of the pairs {f i, γik} the poly-produt of






















So, the polynomial or the onverged series with real or poly-number oeffiients
of one or several generalized-analytial funtions is a generalized-analytial fun-
tion. The ordinary differentiation rules are operative for the respetive derivative
(whih was denoted my means of the prime (′)) of suh polynomials and series,
whenever the tensor pkij with respet to the speial oordinate system vanishes
identially over all three indies.
Sine in suh a theory of generalized-analytial funtions of poly-number
variable (in whih the "onnetion objets" as well as the gamma-objets are
different for eah tensor and, generally speaking, for eah index), the onept
of "parallel transportation" is deprived of the geometrial simpliity that is
harateristi of the spaes of affine onnetion, the Riemannian and pseudo-
Riemannian spaes inluded. This notwithstanding, the onepts of absolute
differential and ovariant derivative an readily be extended on the basis of
invariane of their form with respet to any urvilinear oordinate system. The
ovariant derivative ∇˜k for arbitrary tensor is defined quite similarly to the
way whih is followed to define the ovariant derivative ∇˜k in the spaes of
affine onnetion; at the same time, for eah tensor and probably for eah index
there exist, in general, their own "onnetion objets" or gamma-objets. The
respetive differential is onstruted in aordane with the definition
D˜ := dxk · ∇˜k. (38)
Here, the onverted indies an not be ignored, for "onnetion oeffiients" orrespond
to them.
The Cauhy-Riemann relations (24) are neessary and suffiient onditions
in order that f i be a generalized-analytial funtion. Let us show that these







is non-singular, that is if
q = det(qij) 6= 0. (40)
In this ase the inverse matrix (qij) forms the tensor (q
ij) showing the properties
qjkq
ki = qikqkj = δ
i
j . (41)
Whene, when the formula (22) is applied instead of the formulae (23) and (24),
we get the invariant expression for the derivative




and for the Cauhy-Riemann relations
∇˜kf
i − pikj · q
jsprsm∇˜rf
m = 0. (43)
Let us turn to the generalized-analytial funtions F(1)(X) and F(2)(X),
whih are onstrained by the relation
F(2)(X) = F (X) · F(1)(X), (44)
where F (X) - some funtion of poly-number variable. The funtion is generalized-




















F (X) = F(2)[F(1)(X)], (48)
then the funtion F (X) is generalized-analytial with
F ′(X) = F ′(2)(F(1)) · F
′
(1)(X). (49)
3 Similar geometries and onformal transforma-
tions
Atually, we are interested in not only the pair {Mn, Pn} and generalized-
analytial funtions {f i, γik} but (eventually) possible ways of appliation of
these notions to onstruting physial models and solving new physial prob-
lems. Two spaes in whih ongruenes of extremals (geodesis) oinide are
similar in many respets. The extremals are meant to be solutions to set of
equations for definition of urves over whih the length of the urve aquires its
extremum; alternatively, they are meant to be the urves whih in a given ge-
ometry are defined to be geodesis (for example, geodesis in geometries of affine
onnetion). However, for some physial as well as mathematial problems it is
not of great importane whih length element is used in applied spae,  a real
use is made to only the set of equations that define extremals (or to extremals
proper). We shall say that two n-dimensional geometries are similar, if there
exist suh oordinate systems and parameters along urves that with respet
to them the equations for extremals are equivalent and the initial and/or final
date set forth in one spae may also be given in another spae.
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All the set of generalized-analyti funtions an be broken into the subsets
{f i,Γkij} that involve the same onnetion oeffiients Γ
k
ij , so that for all gene-
ralized-analyti funtions from the subset the relation
Γikjf
j = γik (50)
is fulfilled. It should be stressed (one more) that the oeffiients Γkij are inde-
pendent of any hoie of funtions in the subset {f i,Γkij}. Generally speaking,
the subset may be formed by only one generalized-analyti funtion. If f i and
γik are presribed, then the relations (50) an be treated to be a set of equations
for definition of the oeffiients Γkij . Having find and fixed them, they an be
applied for all tensors and indies, thereafter we get a due possibility to work
with the spae of affine onnetion Ln(Γ
k
ij) in whih the set of equations for









Generally speaking, in this way we loose the possibility to use the polynumber
produt for onstrution of new generalized-analytial funtions and should give
up the simple differentiation rules (33). In the last ase the ovariant deriva-
tive ∇˜k in the speial oordinate system must at on the tensor p
i
kj . In or-
der to have simultaneously on the subset {f i,Γkij} the poly-number produt
of generalized-analytial funtions and the rules (33), whih appliation yields
again a generalized-analytial funtion, we are to restrit ourselves to the fun-




Let us require that the spae Ln(Γ
i
jk) be similar to a Riemannian or pseudo-
Riemannian one Vn(gij), where gij is a (fundamental) metri tensor. Then in-

























· f j = γik, (52)
where Sikj stands for an arbitrary tensor (torsion tensor) obeying the property
of skew-symmetry with respet to two indies, and pi may be an arbitrary one
ovariant tensor [1℄. This system may be used to define the fundamental tensor
gij .
There exist suh Finslerian spaes whih are not of Riemannian or pseudo-
Riemannian type, but in whih, however, one has the system of equations
d2xi
dσ2






where the oeffiients Γikj [L(dx;x)] are defined by means of a relevant metri
funtion L(dx1, ..., dxn;x1, ..., xn) of Finsler type. The orresponding Finsler
spaes are similar to spaes of affine onnetion endowed with the onnetion
oeffiients Γikj deviated possibly from the oeffiients Γ
i
kj [L(dx;x)] by our-









Let a generalized-analytial funtions define spaes of the affine onne-
tion Ln(
(1)Γkij) and Ln(
(2)Γkij) similar to orresponding Riemannian or pseudo-
Riemannian spaes Vn(gij) and Vn(K
2
V gij) and/or the Finslerian spaes
Fn[L(dx;x)] and Fn[KFL(dx, x)], where KV (x
1, .., xn) > 0, KF (x
1, ..., xn) > 0
- salar funtions (invariants). Then the transformation (oordinate and/or in
the spae of generalized-analytial funtions) going over the set f i(1) in the set
f i(2), an be alled onformal, for under this proedure one has
gij(x)→ K
2
V (x) · gij (54)
and
L(dx;x)→ KF (x) · L(dx;x). (55)
4 Possible additional requirements
From the definition of a generalized-analytial funtion it follows that it is
possible to present the funtion by hoosing two arbitrary oneovariant fields
f i(x1, ..., xn) and f ′i(x1, ..., xn). Then the formula (23) entails the following






The Cauhy-Riemann onditions are fulfilled automatially. So, to get the field
equations for the unknown funtion-omponents f i(x1, ..., xn) and f ′i(x1, ..., xn),
it is neessary to set forth at least 2n additional relations, for example, some
partial differential equations of the firstorder with respet to f i(x1, ..., xn) and
f ′i(x1, ..., xn).
(1): Let us onsider the subset of generalized-analytial funtions f i suh
that
D˜F (x) ≡ 0, ↔ ∇˜kf
i ≡ 0, ↔ f ′i ≡ 0 (57)
In this ase the Cauhy-Riemann onditions are fulfilled automatially and
arbitrary vetor-funtion oupled with γik = −
∂fi
∂xk




is a generalized-analytial funtion. It is important to note that the properties
of poly-numbers do not influene this proedure. In other words, this subset
(treated on the level of the Cauhy-Riemann onditions) are independent of
any hoie of the system of polynumbers.
(2): If instead of the onditions (57) we assume the relations
D˜F (X) = λ · F (X) · dX, ↔ ∇˜kf
i = λ · pikj · f
j, ↔ f ′i = λ · f i, (58)





vetor-funtions f i will form the subset of the generalized-analytial funtions
whih to some extent aount for properties of poly-numbers.
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(3): Farther generalizing the requirements (57) and (58) an be formulated
in the form
F ′(X) = Λ · F (X), (59)
where
Λ = λ1e1 + λ
2e2 + ...+ λ
nen (60)










will be the generalized-analytial funtions.






































hold, then together with the generalized-analytial pair {f i, γik}, the pair
{f ′i,Γikjf
′j}, {f ′′i,Γikjf
′′j}, ..., {f (m)i,Γikjf
(m)j}, ... (65)








(5): One additional requirements an sound: for the subset {f i,Γikj} of
generalized-analytial funtions a Riemannian or pseudo-Riemannian geometry
Vn(gij) similar to the affine onnetion geometry Ln(Γ
i
jk) an be found.
(6): If a Finsler spae Fn[L(dx;x)] is similar to a spae of affine onne-
tion, then one among possible requirements an laim that the subset {f i,Γijk}
give rise to an affine onnetion geometry similar to the Finsler geometry
Fn[L(dx;x)].
(7): Let
xi = xi(τ) (67)
be a parametri presentation of some urve joining two points xi(0) = x
i(0), xi(1) =
xi(1), that is, the parameter along urves varies in the limits τ ∈ [0; 1]. Let us






















where F (X) - some generalized-analytial funtion, and require that value of the
integral (68) be independent of integration way, in whih ase the variation of









































k = 0. (72)
From these relations it ensues that for the funtions f i the Cauhy-Riemann
onditions (11) hold fine.
Thus, the assumption of independene of the integral (68) of the path leads to
the onlusion that the funtion F (X) is analytial, that is suh an assumption
is superfluous for non-trivial generalization of the onept of analytiity.
5 Case H4
It is onvenient to work with the assoiative-ommutative hyperomplex num-
bers in term of the ψ-basis whih relates to the basis
e1 = 1, e2 = j, e3 = k, e4 = jk, j
2 = k2 = (jk)2 = 1 (73)
by means of the linear dependene
ei = s
j





1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

 , ski · sjk = 4 · δji . (75)
For the basis elements ψ1, ψ2, ψ3, ψ4 the multipliation law
ψi · ψj = p
(ψ)k
ij · ψk (76)





1, if i = j = k,
0, in other ases.
(77)
11
We shall use the following notation:
X = x1e1 + ...+ x
4e4 = ξ
1ψ1 + ...+ ξ
4ψ4 (78)
and
F (X) = ϕ1(ξ1, ..., ξ4) · ψ1 + ...+ ϕ
4(ξ1, ..., ξ4) · ψ4. (79)
Thus, if ϕi(ξ1, ..., ξ4) - a generalized-analytial funtion of the H4-variable















































































































k = 0, i 6= k. (83)
The spae H4 is the metri (Finslerian) spae in whih the length element ds
is expressible through the form dξ1dξ2dξ3dξ4 in a oni region defined possibly




assuming that the region is presribed by the inequalities
dξ1 ≥ 0, dξ2 ≥ 0, dξ3 ≥ 0, dξ4 ≥ 0 . (85)
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Let us onsider the four-dimensional Finslerian geometry with the length
element of the form
ds = 4
√
κ4 · dξ1dξ2dξ3dξ4, (86)
where κ ≡ κ(dξ1dξ2dξ3dξ4) > 0. Suh a geometry is not Riemannian or pseudo-
Riemannian. Let us show that suh a geometry is similar (aording to termi-
nology adopted above) to some affine geometry with a onnetion L4(Γ
i
kj). Let
us write equations for extremals of this Finslerian spae by using the tangential
equation of indiatrix [2℄:
Φ(p1, ..., p4; ξ
1, ..., ξ4) = 0 , (87)
where













































· λ · dτ, dpi = −
∂Φ
∂ξi
· λ · dτ, Φ(p; ξ) = 0, (91)
where τ - a parameter along extremals, and λ ≡ λ(p; ξ) 6= 0  a funtion. For the
























Let us onsider λ = λ(ξ) > 0 to be a funtion of only oordinates. Then, by
expliating pi, we get the set of equations for definition of extremals in the
Finslerian spae (86) in the form
ξ¨i = −Γikj ξ˙
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0 0 0 0
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It will be noted that instead of the matries (97) - (100) one an take their
transforms. Thus, the Finslerian geometry with the length element (86) is similar













 a tensor whih is assumed to be skew-symmetri with respet to the subsripts,
and pk stands for an arbitrary one-ovariant tensor.
Let us onsider the generalized-analytial funtions ϕi of H4-variable that












Λ = λi · ei = µ
j · ψj . (102)
Let us selet from suh pairs a subset {ϕi,Γikj}, where Γ
i
kj are defined by the
matries transposed to the matries (97) - (100). In this way, the requirement
14
6) is retained. Then the pair (101) should fulfill the 16 relations (50) the first












































For the ompatibility it is neessary and suffiient that the mixed derivatives
obtained with the help of the formulae (103) be equal. A part of these equations,
exept for three ones, is automatially satisfied. If we onsider all the 16 equa-








= 0, i 6= j; (104)

















where ai are four arbitrary funtions of one real argument. Then from equations
















Thus, despite of two additional requirement, the generalized-analytial fun-
tion (107) in general ase is not reduible to an analytial funtion of H4-
variable, and besides we obtain the expression (106) for the oeffiients κ in








then ϕi is an analytial funtion.
If
κ = κ0 · exp{[(ξ
1)2 + (ξ2)2 + (ξ3)2 + (ξ4)2]/4}, (110)
then with respet to the oordinates xi
κ = κ0 · exp{(x
1)2 + (x2)2 + (x3)2 + (x4)2}. (111)
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6 Conlusion
Having introdued the onept of the generalized-analytial funtion of poly-
number variable in the present work, we have made the first step in the di-
retion of onstruting a relevant theory aiming to develop theoretial-physial
models. An important ingredient of suh investigations must be searh for ad-
ditional requirements to be obeyed by the generalized-analytial funtions and
for the onsequenes implied by the requirements. The onditions that lead to
trivial results  to analytial funtions  should espeially be analyzed. This
may admit formulating the properties that are forbidden to attribute proper
generalized-analytial funtions of poly-number variable (in ontrast to analyti-
al funtions proper). As it has been shown above, the independene of integral
of integration path relates to suh properties. Of ourse, it is neessary to arry
out a partiular attentive study to ompare the properties of analytial fun-
tions of omplex variable and generalized-analytial funtions of poly-number
variable in ase of the dimension exeeding 2. It an be hoped, therefore, that
the onepts and results of the present work may fae future novel theoretial-
physial appliations.
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